Abstract. We present a new proof, using Residue Calculus, of the transformation law of the Jacobi theta function θ 3 (w, τ ) defined in the upper half plane. Our proof is inspired by Siegel's proof of the transformation law of the Dedekind eta function.
Introduction
Let w = σ + it be a complex number. The Jacobi theta function θ 3 (w, τ ) is defined by
(1 − q 2n )(1 + 2q 2n−1 cos 2w + q 4n−2 ) , where q = e πiτ and τ is in the upper half plane [6] . The transformation law (see [6, XXI] , [2, XVI] ) is given by (2) θ 3 w τ , −1 τ = (−iτ ) The transformation law (2) was first obtained by Jacobi who obtained it from the theory of elliptic functions. Notice that at w = 0, we have
In [5] , Siegel gives a nice proof, using residue calculus, of the transformation law of the Dedekind eta function under inversion. Radamacher [4] generalized Siegel's method to determine the transformation formula of the Dedekind eta function under any modular transformation. The referee also pointed out that Siegel's method has been enormously generalized by Sarachi Kongsiriwong [3] . In this paper, we give a new detailed proof of (2) inspired by Siegel's proof. First, we prove (2) for τ = iy, where y > 2|t|/π, and then we extend the result to all τ in the upper half plane by analytic continuation.
The proof
In proving the transformation law of the logarithmic derivative, we will encounter some problems with the zeroes of the theta function. The zeroes of θ 3 (w, τ ) are the points
To deal with this problem, we fix w such that Rew = π/2 + nπ and prove (2) for τ = iy using the logarithmic derivative. We then extend the result by analytic continuation to the whole τ plane. Once we have it for all w such that Rew = π/2 + nπ, we use analytic continuation again in the w plane to extend the result to all w.
Fix w such that Rew = π/2 + nπ. Proof. If Rew = π/2 + nπ, then it is sufficient to prove that
If we simplify (1), we obtain
Since y > 2|t|/π, then q 2n−1 /e 2iw < 1. Thus log θ 3 (w, iy) given by (6) can be expanded in the form License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use 1 − e −2πym 
To obtain a similar expansion for log θ 3 (w/iy, i/y), we use (7) to obtain 
We substitute in (5) the expressions (7) and (8), so we have to prove that 
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To prove (9), consider (10)
where N = n + 1/2. We will calculate the residues of F n (z) at the poles z = 0, z = ik/N and z = ky/N for k = ±1, ±2, . . . . First, we calculate the residue of F n (z) at z = 0. We use Bernoulli numbers to calculate the residue of the second summand of F n (z). The residue at z = 0 of the first summand of (10) is (11) i 24 y − 1 y .
Now for the second summand of (10) we will use the fact that Using (12) and the Taylor expansion of e z , we find that the residue at z = 0 of the second summand of (10) is
We simplify (13) to obtain
As a result, we add (11) and (14) to get that the residue at z = 0 of F n (z) is
We note that 
The residue of
Using (18), we obtain 
It follows from (15), (17) and (19) that This completes the proof.
